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$z_{1},$ $z_{2},$ $\cdots,$ $z$’ $z_{i}(i=$
$1,$
$\cdot\cdot \mathrm{r},$
$k)$ $n_{i}$ $c_{*s}.(s=0, \cdot\cdot\iota, n_{i}-1)$ $z$: Taylor






$D=\{z: |z|<1\}$ $T$ $D$ $D$ $k$
$z_{1},$ $z_{2},$ $\cdots,$ $z_{k}$ $z_{j}$ $w_{\dot{\iota}}$ $(i=1, \cdot\cdot 1, k)$ T-
$\{T^{m}(z_{i})\},$ $\{w:\}(1\leq i\leq k, m\in \mathbb{Z})$ Pick
$f(T^{m}(z.\cdot))=w_{i}$ $(1\leq i\leq k, m\in \mathbb{Z})$












” On an exemple of
Donald Marshall concerning Automorphic Pick-Nevanlinna interpolation problem” $\iota_{\vee}’$
Marshall Heins
\S 1. Nevanlinna parametrizations
$\Gamma$ Pick-
$\mathrm{A}$ $\backslash \text{ }\mathrm{R}$.Nevanlinna 1919 Schur




$D=\{z:|z|<1\}$ $B=$ {$f:$ $D$ $|f|\leq 1$ } $\Gamma$ $D$
Fucks $\Gamma$ elliptic 2
$O_{1},$
$\cdots,$
$O$, $n$ orbits ($D/\Gamma$ ) $w_{1},$ $\cdot\cdot\downarrow,$ $w_{n}$ $n$
$f(z)=w_{k}$ $z\in O_{k}$ $(k=1, \cdot\cdot\{, n)$
$f\in B$ Pick-Nevanlinna interpolation
$\mathcal{E}$ $\mathcal{E}$ $B$
([7],[13],[17],[19])
$\pi$ : $Barrow \mathcal{E}$ $D$ $(P, Q, R, S)$
$\pi(g)=\frac{Pg+Q}{Rg+S}$ , $Rg+S\not\equiv 0$ $(\forall g\in B)$
$\pi$
$\mathcal{E}$ Nevanlinna paraenetrization $(P, Q, R, S)$ $\pi$
. $\mathcal{E}$ 2 $\mathcal{E}$ Nevanlinna parametrization
$P,$ $Q,$ $R,$ $S$
(a) $S\not\equiv 0$ ;
(b) $|$P/S$|<1,$ $|$Q/S$|<1,$ $|$R/S$|<1;$
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(c) $Q/S\in \mathcal{E}$ ;
(d) $\frac{PS-QR}{S^{2}}=U\cdot B$ ,
$0<|U|\leq 1_{\text{ }}$ $B$ $\bigcup_{k=1}^{n}O$k Blaschke product.
Nevanlinna parametrization $\pi$ $(P, Q, R, 1)$
$\pi$ $(P, Q, R, 1)$
$\pi=$ $(P, Q, R, 1)\in \mathcal{P}$
$\mathcal{P}$ $\mathcal{E}$ Ne lima parametrization $G$ M\"obius ( $D$
)
$(\alpha^{*}(\pi))(g)=\pi(\alpha \mathrm{o}g)$ $(\alpha\in G, \pi\in \mathcal{P}, g\in B)$
$\alpha_{1},$ $\alpha_{2}\in G$
( $\alpha_{1}0\alpha 2Y=\alpha_{2}^{*}0\alpha$ i , $id^{*}=id$
$G$ $\mathcal{P}$ Nevanlinna parametrization
$\mathcal{P}$ $G$ bijective
1 $\pi,$ $\pi_{0}\in \mathcal{P}$ $\pi=\alpha^{*}(\pi_{0})$ $\alpha\in G$
parametrization
2 $z_{0} \in D\backslash \bigcup_{k=1}^{n}O$ k
$\pi=(P, Q, R, 1)$ $\mathrm{s}.\mathrm{t}$ . $P(z\mathrm{o})>0,$ $R(z_{0})=0$
$\pi\in \mathcal{P}$
$z\in D$ $W(z)=$ { $f($z): $f\in \mathcal{E}$ } $D$
$(P, Q, R, 1)\in \mathcal{P}$
$W(z)= \{\frac{P(z)\zeta+Q(z)}{R(z)\zeta+1}$ : $\zeta\in\overline{D}\}$
$\{O_{i}\},$ $\{w_{i}\}(1\leq i\leq n)$
$\Gamma$
$W(\sigma(z))=W(z)$ $(z\in D, \sigma\in\Gamma)$
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[19]
3 $\pi=(P, Q, R, 1)\in \mathcal{P}\Rightarrow\pi_{\sigma}=(P\mathrm{o}\sigma, Q\mathrm{o}\sigma, Ro\sigma, 1)\in \mathcal{P}$ $(\forall\sigma\in\Gamma)$
$\Gamma$ $\pi=$ $(P, Q, R, 1)\in \mathcal{P}$
1 3 , $\sigma\in\Gamma$ $\pi=\alpha_{\sigma}^{*}(\pi_{\sigma})$ $\alpha_{\sigma}\in G$
$\alpha_{\sigma\text{ }r}=\alpha_{\sigma}0\alpha_{r}$ $(\sigma, \tau\in\Gamma)$
$h(\sigma)=\alpha_{\sigma}$ homomorphism $h$ : $\Gammaarrow G$ $\Gamma$
$f\mathrm{o}\sigma=f(\sigma\in\Gamma)$ $f$ $f=\pi(g)(g\in B)$
$f=\pi(g)=\alpha$: $(\pi_{\sigma})(g)=\pi$ , $(\alpha, \mathrm{o}g)$ , $f\mathrm{o}\sigma=\pi_{\sigma}$(g $\mathrm{o}\sigma$ )
$f\in \mathcal{E},$ $f=\pi(g)$ $f\mathrm{o}\sigma=f(\forall\sigma\in\Gamma)$
$(*)$ $g\mathrm{o}\sigma=\alpha_{\sigma}\mathrm{o}g$ $(\forall\sigma\in\Gamma)$
$\Gamma$ $\Gamma$
$\sigma$ \sigma $(*)$ $g$
?
homomorphism $h$ ? $\pi\in \mathcal{P}$
$\pi’\in \mathcal{P}$ ? $h’(\sigma)=\alpha_{\sigma}’$
homomorphism $h’$ : $\Gammaarrow G$ 1 $\pi’=\tau^{*}(\pi)(\tau\in G)$
$\alpha_{\sigma}’=\tau^{-}1$ $0\alpha$, $0\tau$ $(\forall\sigma\in\Gamma)$
$h$ (\Gamma ) $h’(\Gamma)$
parametrization $\pi$
52. Marshall
$S$ Riemann class $O_{AB}$ $S$
$D=\{z:|z|<1\}$ $S$ $(D, \phi)$
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$\phi:Darrow S$ $(D, \phi)$ (Deck transformation) $\Gamma$




$X$ $E$ $X$ 2 norm
$||$ x $||1= \min\{\sup_{D}|f| : f\in H^{\infty}(D), f|E=x\}$ ,
$||x||_{2}= \sup_{E}|x|$
$\mathrm{n}\mathrm{o}\mathrm{m}$ $X$ $X_{1^{\text{ }}}X$2 $\mathbb{C}$ Banach
$||x||_{2}\leq||x||_{1}(\forall x\in X)$ Banach open mapping theorem
$i:X_{1}arrow X_{2}$
$K=\{(w_{1}, \cdots, w_{n}) : \exists f\in B\mathrm{s}.\mathrm{t}f(O_{0})=\{0\}, f(O_{k})=\{w_{k}\}k=1, \cdot\cdot \mathrm{I}, n\}$
$K$ compact convex set $O=$ $(0, \cdots, 0)$ K
$K$ $f$ $\Gamma$ $S$
class $O_{AB}$ K $\mathbb{C}^{n}$ 0 $D$
$\Gamma$ $\Gamma$ ( $\Gamma$-automorphic)
Marshall $S$ $\{\Omega j\}_{j=1}^{\infty}$
(1) $\{p_{0}, \cdot\cdot 0,p_{n}\}\subset\Omega_{j}$ ;
(2) $\Omega_{j}$ compact $\Omega_{j}$
Jordm $\partial(S-\overline{\Omega}j)=\partial\Omega j$ ;
(3) $S-\overline{\Omega}j$ compact
(4) $\overline{\Omega}j\subset\Omega j+1$ $(j=1,2, \cdots)$ , $\bigcup_{j=1}^{\infty}\Omega j=S\mathfrak{l}$
$\phi^{-1}$ (\Omega j) $D$ (\Omega j) $R_{j}’$ $\mathbb{C}^{n}$ $(w_{1}, \cdot\cdot \mathrm{t}, w_{n})$
$|$f $|\leq 1,$ $f(O0\cup D(\Omega j))=\{0\}$ , $f(O_{k}\cup D(\Omega j))=\{w_{k}\}(k=1, \cdot\cdot \mathrm{t}, n)$
$f\in H^{\infty}$ [$D$ (\Omega j)] Kj, $K_{j}$
$f=F\mathrm{o}\phi|D$ (\Omega j) $F\in H^{\infty}(\Omega j)$ $f$
$K_{j}\supset K_{j,a}=$ { $(F(p_{1}),$ $\cdots$ , $F(p_{n})$ ) : $F\in H^{\infty}(\Omega j),$ $|$F$|\leq 1,$ $F(p_{0})=0$}
$K_{j}$ $K_{j,a}$ $D$ (\Omega j)
$K_{j}$ $K_{j,a}$ { $\mathbb{C}^{n}$ compact convex set $\circ$ $\text{ }$ K $K$ . $K_{j.a}$
59
$H$“ (\Omega j) $F$ $\mathbb{C}^{n}$
$K_{j}\supset K_{j+1}$ , $K_{j,a}\supset R_{\acute{j}+1,a}$ , $\cap K_{j,a}=K_{a}=\{O\}j$ $(\forall j\in \mathrm{N})$
$j$ $K_{j,a}\subset K^{i}\subset K_{j}^{i}$ ( $M^{i}$ $M$
)
$j$ $l$ $\phi^{-1}$ (\Omega l) $D$ (\Omega l)
$\psi$ : $Darrow D(\Omega_{l})$ $(D, \phi 0\psi)$ $\Omega_{l}$
$\phi 0\psi$ $(D, \phi 0\psi)$ $\Gamma^{*}$ $\Omega_{l}$ $\Gamma^{*}$
$K_{l}$ K’ $S$ $\Gamma$ $K$ K $\Omega_{l}$
pointlike Riemann
\S 3. Heins
Fucks $\Gamma$ \S 2
1. $S$ pointlike noncompact Riemam
$D=\{z: |z|<1\}$ $S$ $(D, \phi)$
$\phi$ : $D-S$ $(D, \phi)$ $\Gamma$ $\Gamma$ $S$
M\"obius ( $D$ ) $G$
homomorphism $h:\Gammaarrow G;h(\sigma)=\alpha_{\sigma}$ \S 1
$(*)$ $g\mathrm{o}\sigma=\alpha$, $\mathrm{o}g$ $(\forall\sigma\in\Gamma)$
$g\in B$
$h$ (\Gamma ) Abel $(*)$ $g\in B$ 2




M\"obius $h$ (\Gamma )
1) $(\mathrm{h}\mathrm{y}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{b}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{c})_{\text{ }}2)$ $(\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{b}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{c})_{\text{ }}3)$ (elliptic)
3
1) 2 $\eta_{1},$ $\eta_{2}\in\partial D$ $g_{i}\equiv\eta_{i}$ $g:\in B(i=1,2)$
$(*)$
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2) 1 $\eta\in\partial D$
$w(z)= \frac{\eta+z}{\eta-z}$ ; { $z$ : $|$z $|<1$ } $\sim\{w : \mathrm{R}ew>0\}$
$\eta$ $w$- $\infty$ $h(\Gamma)$ ${\rm Re} w>0$
$\infty$ $(*)$ $g\in B$ $w\mathrm{o}g$
} nontrivial homomorphism $\omega$ : $\Gammaarrow \mathbb{R}$
(3.1) $f\mathrm{o}\sigma=f+i\omega(\sigma)$ , $\sigma\in\Gamma$
$D$ $\ f\geq 0$ $f$
([9] )
$\phi(0)=a$ $a$ $S$ $l$ $\gamma_{1},$ $\cdots,$ $\gamma_{l}$ $S$
$\mathbb{R}^{l}$ $V$ $\forall x\in V$
$u(a)=1$ $(\omega(u, \gamma 1)$ , $\cdot$ . $1,\omega(u, \gamma_{l}))=x$ $S$ $u$
$\omega(u, \gamma_{k})$ $u$ $\gamma_{k}$
$\gamma_{k}$
$\Gamma$
$\sigma_{k}$ $\mathrm{O}\in D$ $\gamma_{k}$ $\phi$ lifting
$\sigma_{k}$ (0) $t>0$ $\omega(u, \gamma_{k})=t\omega(\sigma_{k})$ $S$
$u$ ${\rm Re} f=t^{-1}u\mathrm{o}\phi$ $D$ $f$ (3.1)
$f$ }
$(\omega_{1}, \cdots,\omega\iota)\in \mathbb{R}^{l}$ $\omega(\sigma k)=\omega_{k}$ homomorphism $\omega$ : $\Gammaarrow \mathbb{R}$
3) 2) $h$ (r)
0
$\alpha_{\sigma}(z)=\eta(\sigma)$ z, $|\eta(\sigma)|=1$ $(\sigma\in\Gamma)$
$\eta(\sigma)\eta(\tau)=\eta(\sigma 0\tau)(\sigma, \tau\in\Gamma)$ $\Gamma$ $\sigma_{k}$ , $k=1,$ $\cdots,$ $l$
$\eta(\sigma_{k})=e^{-i\theta}$h $\omega(\sigma_{k})=\theta_{k}$ homomorphism $\omega$ : $\Gammaarrow \mathbb{R}$
$e^{-i\cdot()}‘=\eta(\sigma),$ $(\sigma\in\Gamma)$ $\omega$ (3.1) $D$
${\rm Re} f>0$ $f$ $g=e^{-f}$ $g$ $B$ $(*)$
$g$ ( )




homomorphism $h$ l 1 $\Gamma$ Pick interpolation
Nevanlinna parametrization $\pi$ $(*)$
$g_{1},$ $g_{2}\in B$ $f_{1}=\pi(g_{1}),$ $f_{2}=\pi(g_{2})$ (1-t) $f_{1}+tf_{2},$ $(0\leq t\leq 1)$
$(*)$ $g\in B$
2. $D=\{z: |z|<1\}$ Fuchs
Pick \S 2
Pick-




$\mathrm{A}=\{(f(z_{1}), \cdots, f(z_{n})) : f\in H^{\infty}(\Omega), |f|\leq 1\}$
$\mathbb{C}^{n}$ compact convex set A
([5], p130 )
\S 2 $K_{j,a}\subset K_{j}^{i}$ $j$ $l$
$\mathrm{A}_{l,a}’\subset K_{l}^{i}$ $K_{l,a}$ K $\mathbb{C}^{n}$ $O$ compact convex
set $\Omega_{l}$ $D$ $\Gamma^{*}$ Pidc
$K_{l}$ $D$ Nevanlinna
parametrization homomorphism $h$ : $\sigma\vdasharrow\alpha_{\sigma}$ $h(\Gamma^{*})$
$x\in K_{l}$ homomorphism $h_{x}$
Heins (1) $x\in K_{l}$ Pick-
(2) $x\in K_{l}-K!_{a}$, $h_{x}(\Gamma^{*})$
(3) $x\in\partial K_{l,a}$ $(*)$
(4) $O$ y\in \partial K, $(O, y)$ x $x$ $y$
$h_{x}$ (F”) $(*)$
(1) $x\in K_{l}$ $\Gamma^{*}$
K, x\in \partial K $y$
0 $x$ $(O, x]$ $y=tx,$ $0<t\leq 1$
$y=O$
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$(2),(3)$ x\in K $h(\Gamma^{*})$ Abel $\Gamma^{*}$
$x\in K_{l,a}$ Kl, $H^{\infty}(\Omega_{l})$
4 $x\in\partial \mathrm{A}_{l,a}’$
(4) $0 \in D\backslash \bigcup_{k=1}^{n}O$ k $ty,$ $(0<t<1)$
parametrization 2
$(P_{t}, Q_{t}, R_{t}, 1)$ $\mathrm{s}.\mathrm{t}$ . $P_{t}(0)>0,$ $R_{t}(0)=0$
$tarrow 1$ $\{P_{t}\},$ {Q $t$ }, {Rt} $B$ $P,$ $Q,$ $R$ ,
$P(0)>0,$ $R(0)=0$ $(P, Q, R, 1)$ $y$
parametrization $h_{y}(\Gamma^{*})$ $\alpha_{\sigma}$ $\alpha_{\tau}$ (\sigma , $\tau\in$
$\Gamma^{*})$ 1 $t$ t\sim homomorphism $h_{ty}$
$h_{ty}(\Gamma^{*})$
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